Abstract. What is a computable set? One may call a bounded subset of the plane computable if it can be drawn at any resolution on a computer screen. Using the constructive approach to computability one naturally considers totally bounded subsets of the plane. We connect this notion with notions introduced in other frameworks.
Introduction
Locatedness is one of the fundamental notions in constructive mathematics. It was introduced by Brouwer in [Bro19] , as 'katalogisiertes Bereichkomplement', and used ever since in all flavors of constructive mathematics. A subset A of a metric space is located when the distance function ρ A (x) := inf a∈A ρ(a, x) can be computed. A totally bounded subset is located and any located subset of a totally bounded space is totally bounded. This makes the notion crucial in Bishop's constructive mathematics. Bishop defines a metric space to be compact when it is totally bounded and complete. Thus compactness and locatedness are closely related in Bishop's framework.
In the pointfree tradition of constructive mathematics one uses a positive way of stating that an open is non-empty, i.e. that it is inhabited. Surprisingly, the possibility of stating that an open is inhabited is a non-trivial property of a locale, a formal space. When this is possible we say that the locale has a positivity predicate, or that the locale is overt, or open. The notion of an open locale was introduced by Johnstone [Joh84] following Joyal and Tierney [JT84] . In a predicative context it was introduced as a positivity predicate by Sambin and Martin-Löf [Sam87] .
Scott's consistency predicate in domain theory [Sco82] is related to the positivity predicate in formal topology.
We show that the two notions, locatedness and overtness, are intimately connected. We propose a definition of located closed sublocale motivated by locatedness of subsets of metric spaces. A closed sublocale of a compact regular locale is located iff it is overt. Both notions are trivially satisfied when using classical logic.
The similarity in the previous paragraph was already stated for compact spaces in [CS05] as Bishop compact ⇔ compact overt We will now remind the reader of our motivation for this claim. Upper cuts in the rational numbers may be conveniently used to deal with certain objects that would classically be real numbers, we call them upper real numbers, see [Ric98] [Vic03a] . In general, such a cut does not have a greatest lower bound in the real numbers. If it does the upper real number is called located or simply a real number . Since we do not assume the axiom of countable choice to hold, we will always consider the Dedekind real numbers, instead of the Cauchy real numbers. In our predicative framework the upper reals form a class, not a set. This is unproblematic because we have no need to quantify over them.
Let X be a compact completely regular locale, a pointfree analogue of a compact Hausdorff space. Let C(X) denote the space of continuous real functions on X. The topology of X is generated 1 by certain basic opens {D(f )|f ∈ C(X)}. In case X is spatial, D(f ) corresponds to the open set {x|f (x) > 0}. Define the upper real U (f ) := {q ∈ É|∃q ′ < q.f ≤ q ′ }. If U (f ) is located f is said to be normable and the greatest lower bound is denoted by sup f . Then we have sup f < q if and only if q ∈ U (f ).
Bishop defines a metric space to be compact if it is complete and totally bounded and proves that all uniformly continuous functions defined on such a metric space are normable. In contrast, in the framework of locale theory it is not true in general that all functions on a compact regular locale are normable, i.e. the norm is only defined as an upper real which may not be located. However, in case a locale is not only compact completely regular, but also overt, all the continuous functions are normable. Another motivation may be found already in the work by Brouwer [Bro19] , p.14, see also [Hey56] , p.67, Freudenthal [Fre36] and [ML70] . Brouwer proves that every bounded closed located subset of Ê 2 coincides with a fan. A fan may be represented by a predicate on the finite binary sequences selecting the 'admissible' ones. If a finite sequence is admissible, then so is one of its successors. Thus the admissible sequences are positive! We will now further develop the similarities above and extend them to more general, not necessarily compact, spaces. Taylor has found a similar relation between Bishop compact and compact overt in the context of his abstract Stone duality [Tay05] . He also introduced the term 'overt' for what was called 'open locale' by Johnstone.
1 Constructing this basis requires choice. Since we want to avoid choice we assume that a completely regular locale comes equipped with such a basis.
We refer to Johnstone [Joh82] , Fourman and Grayson [FG82] , and Sambin [Sam87] for general background on formal topology. The terms 'formal topological space' and 'locale' will be used as synonyms. Bishop and Bridges [BB85] , and Troelstra and van Dalen [TvD88] provide general references for constructive mathematics.
We will avoid the use of the axiom of choice, even countable choice, and of the powerset axiom. Our results can therefore be interpreted both in a predicative type theory and in topos theory.
Formal topology
A formal topology consists of a pre-order (S, ) of basic open neighborhoods and ⊳⊂ S × P(S), the covering relation, which satisfies:
where Z is the set {x|∃z ∈ Z.x z}. Another common notation for Z is Z ↓ . We write a ⊳ b for a ⊳ {b}. A formal topology can be seen as a Grothendieck topology on the poset considered as a category, see [Joh82] (Notes on sec.II.2).
Lemma 1. Loc is equivalent to
Proof. We prove only that Loc' implies Loc, since the converse is trivial. Assume Loc' and assume that a ⊳ U and a ⊳ V , then a ⊳ a ∧ U and a ⊳ a ∧ V . Consider
Pos is positivity predicate on a formal topology S if it satisfies:
Unit: Pos(S)-that is, Pos(u) for some u ∈ S. Pos: U ⊳ U + , where U + := {u ∈ S| Pos(u)}. Mon: If Pos(u) and u ⊳ V , then Pos(V ) -that is, Pos(v) for some v ∈ V . If a locale carries a positivity predicate it is said to be overt . Overtness is a localic property, i.e. it is preserved by homeomorphisms, i.e. isomorphisms of locales. The empty set is not positive. For suppose that it was, then ∅ ⊳ ∅, so ∃v ∈ ∅. Pos(v) which is impossible.
In locale theory one defines sublocales by a nucleus or using a new covering relation. Let (S, ⊳) be a formal topology. A sublocale is a locale (S, ⊳ ′ ) such that 
Metric spaces
In this section we connect the pointwise and localic definition of metric space.
A metric space is a set with a metric taking values in the upper real numbers. Constructively this is a genuine generalization over ordinary metric spaces. An example is the space l ∞ of bounded sequences of real numbers. It forms a metric space in our sense, but not in Bishop's. Other examples may be found in [Ric98] .
Concretely, a metric space is defined as follows. We let É >0 denote the set of strictly positive rational numbers. To any metric space X, we define, following Vickers [Vic03a] and Palmgren [Pal06] , a locale loc(X) called the localic completion of X. A formal neighbourhood is a pair (x, r) ∈ X × É >0 , written B r (x). We define the relation B r (x) < B s (y) iff d(x, y) < s − r. The order is defined by B r (x) B s (y) iff d(x, y) < t for all t > s − r. The covering relation ⊳ is inductively generated by the axioms M1: u ⊳ {v|v < u}; M2: loc(X) ⊳ {B(x, r)|x ∈ X} for any r.
Proof. ⇒: By the triangle inequality. ⇐: Let ε > 0 and choose B t (z) := B r−ε (x).
Lemma 3. The following are equivalent:
(1) a b; (2) a ⊳ {b}; (3) for all c, c < a implies c < b.
Proof. The implication 1 ⇒ 2 is the axiom Ext. The equivalence 3 ⇔ 1 is the previous lemma. For 3 ⇒ 2 we observe that a ⊳ {c|c < a} ⊂ {c|c < b} ⊳ {b}. The last step follows from the observation that if c < b, then c b and thus c ⊳ {b}.
As a running example one may keep in mind the case where X is the set of rationals in [0, 1] and loc(X) is the localic unit interval.
The localic completion of a metric space is always overt. The positivity predicate is defined by Pos(B r (x)) being true for all balls.
Vickers identifies the points of loc(X) with the Cauchy filters of X. An inhabited
(2) any two elements have a common refinement. A Cauchy filter is a filter which contains arbitrary small balls. Thus the points of loc(X) coincide with the points of the completion of X. Using countable dependent choice one can identify Cauchy filters with Cauchy sequences.
A metric space is said to be totally bounded if for each ε > 0 the space can be covered by a finitely enumerable set of balls with radius at most ε. Equivalently, for all ε > 0 there are x 1 , ..., x k such that for all x there exists i such that d(x, x i ) < ε.
A metric space is said to be locally totally bounded if for each ball and each ε > 0 the ball can be covered by a finitely enumerable set of balls with radius at most ε. For Bishop a metric space is locally compact if it is complete and locally totally bounded. Palmgren showed in the context of Martin-Löf type theory that there is a full and faithful embedding of Bishop's locally compact metric spaces into the locally compact locales. His metric is assumed to have values in the located real numbers. Choice is not required to define the embedding, but choice is used to prove that Pt(loc(X)) is isomorphic to the completion 2 of X. Here Pt assigns to each locale loc(X) its space of points.
An open subsets of X is the union of the open balls contained in it and thus defines an open sublocale of loc(X). Going from locales to spaces strange phenomena may occur. For instance, consider Kleene's singular tree which defines a closed sublocale of Cantor space. In a recursive context this sublocale does not have any points (infinite paths), but as a locale it is nontrivial. In the presence of countable choice, these phenomena do not occur for closed overt sublocales of Cantor space.
Let Y be a subset of X. We can consider its localic completion loc(Y ), but also the closed sublocale Y the complement of which consists of all the balls that do not meet Y . The former will always be overt, but this is not the case for the latter.
Locatedness for metric spaces
In this section we investigate locatedness in the context of metric spaces.
Definition 2. Let X be a metric space. A subset Y is called (metrically) located if the function
Since d(x, y) need not be a located real number for all y, the set {x} need not be located. We would like to stress that locatedness is a metric property, but not a topological property -that is, it is not preserved by homeomorphisms. Locatedness is not transitive [Ric99] -that is, if X is located subspace of a located subspace Y of a space Z, then X not need be located in Z. Theorem 3 below shows that for compact regular locales locatedness implies overtness of the corresponding sublocale. Overtness is a localic notion, which suggests that it is not equivalent to metric locatedness which is not topological. We will now give a precise counterexample to show that overtness does not imply locatedness. For this we consider Baire space, AE AE with the product topology. This topology may also be derived from the metric d such that
We first need a lemma. Proof. Let α ∈ 2 ω and define Y α to be the complement of the open {0n|α(n) = 0}. For each n we can decide whether Neg(0n) or Pos(0), which shows that it is overt. However, to decide whether 0 ∈ Y α we need to know whether there exists n such that α(n) = 1, which is not possible for general α. It follows that Pos is not decidable, so Y α need not be located in general.
We will come back to this example in section 6. A simpler example of a non-decidable positivity predicate can be constructed in the real numbers. Consider [0, x] for x ∈ (0, 1). If its positivity predicate would be decidable, we would be able to decide whether x < q or x q for all rational numbers q. Other examples can be found in [CS05] .
The coherent 3 locales form a class of positive examples, since on such spaces every positivity predicate is decidable. In particular, this holds for Cantor space.
It is interesting to note that Martin-Löf [ML70] defines a subspace of Baire space to be located when it has a decidable positivity predicate. Such a closed subspace with a decidable positivity predicate coincides precisely with a spread-law as defined by Brouwer [Hey56] p.34.
Localic definition of locatedness.
A subset Y of a metric space X is located iff for all x, z in X such that d(x, z) < s − r, either there exists y in Y such that d(z, y) < s or there is no y in Y such that d(x, y) < r. This and the definition of locatedness for Euclidean spaces in [ML70] motivate the following definitions.
Definition 3. Let X be a metric space. A pair of subsets (Pos, Neg) of S = {B r (x)|x ∈ X, r ∈ É} is called a locating pair when Pos is inhabited and
If u ⊳ U and u ∈ Pos, then u ′ ∈ Pos, for some u ′ ∈ U . We remark that locatedness is not a topological, or localic, property, but depends both on the choice of the base S of the topology, the set of balls in this case, and on the ambient topological space X.
Let T be a closed sublocale of loc(X). Then T is called located if there is a set
We now have the occasion to discuss locally compact locales. The general definition of 'locally compact' is impredicative. However, a predicative definition may be given for set-presented formal topologies. The localic completion of a metric space is set-presented. However, a more canonical definition is possible for such spaces.
Recall that a ≪ b iff b ⊳ U implies that a is covered by a finitely enumerable 4 subset of U . In the context of Martin-Löf type theory Palmgren [Pal06] 
Thus let X be a locally totally bounded metric space. Then a < b and b ⊳ U imply that a is covered by a finitely enumerable subset of U . Which allows us to express in a simple predicative way that loc(X) is locally compact.
We only consider localic completions of metric spaces, so we do not treat noncomplete spaces, like the open unit interval (0, 1), directly, but only as sublocales of localic completions. A similar phenomenon occurs in Bishop's framework [BB85] . Proof. There exists w such that v < w < u and a finitely enumerable U 0 such that w ⊳ U 0 . Since U 0 = sup {v ′ < u i |u i ∈ U 0 }, there is a finite collection v 0 , . . . , v n which already covers v. Proof. Suppose that u ⊳ U and Pos(u). Then there exists v < u such that Pos(v). By Lemma 6 there are u 0 , . . . , u n in U and v 0 , . . . , v n such that for all i, v i < u i and v ⊳ v i . Since Pos(v), it is impossible that all v i are negative. Therefore some u i is positive -that is, Pos(U). We will come back to this is the next section. Proof. Choose u in U and let v ≺ u. Then either v ∈ Neg, or u ∈ Pos.
In the former case v ⊳ Neg ⊳ U + ∪ Neg. In the latter case u ∈ U + , so u ⊳ U + ∪ Neg, and thus v ⊳ U + ∪ Neg. Thus in both cases, v ⊳ U + ∪Neg. Since u is covered by all such v, u ⊳ U + ∪Neg.
Now we know that a located closed sublocale T is overt we see that locatedness is equivalent to
The following theorem gives a connection between locatedness, which is not a topological property, and overtness which is localic. It follows that in this case, a posterori, locatedness does not depend on the choice of the base or the ambient topological space. It follows that Bishop's totally bounded and complete coincides with compact overt. This may be useful in the following way. Compactness and overtness can conveniently be studied separately. For instance, the image of an overt locale is overt and similarly for the image of a compact locale. This suggests that the image of a Bishop compact set is again Bishop compact. However, the image of a complete totally bounded metric space may not be complete constructively. For an example consider any uniformly continuous real function f on [0,1] which does not attain its supremum. The supremum is in the completion of the image, but not in the image itself. Now we consider this example using Palmgren's full and faithful embedding of Bishop's locally compact metric spaces into the locally compact locales. The approximable mapping corresponding to f maps the localic completion of [0,1] to a compact sublocale of the localic reals.
Positively closed.
We will now define 'positively closed' sublocales which allows us to express new aspects of closed sets. We will see the locatedness gives a strong connection between closed and positively closed sublocales. Let (S, ⊳) be a formal topology. A subset F of S is positively closed when F (u) and u ⊳ V imply that F (v) for some v in V . It follows that F (v) whenever u ≤ v and F (u). When, moreover, S is overt, then F (u) implies Pos(u): u ⊳ {u| Pos(u)} 5 and so F (v) for some v ∈ {u| Pos(u)} -that is, Pos(u).
For such F we define the sublocale ⊳ ′ to be the least sublocale such that
This definition is a priori impredicative. However, when ⊳ is inductively defined, ⊳ ′ can also be inductively defined by adding the clause
to the clauses defining ⊳. A sublocale defined in this way is called positively closed . We note that it is not the case that u ⊳ ′ U iff F (u) → u ⊳ U , the latter is not transitive.
Lemma 8. The set F is a positivity predicate on the sublocale it defines.
Proof. Pos is satisfied by the second generating case.
To prove Mon we prove by induction that if a ⊳ ′ U and F (a), then F (u) for some u in a∧U . Thus assume that a ⊳ ′ U and F (a) and consider the two generating cases for the cover. In the first case, a ⊳ U and thus a ⊳ a ∧ U , consequently, Proof. We need to check that is F (u) and u ⊳ V , then F (v) for some v in V . The cases M1 and M2 are satisfied, by induction we check the cases Ref , Tra, Loc, Ext.
Thus we can consider the positive closed sublocaleỸ defined by F . We write ⊳ Y for the sublocale thus defined. Since Neg ⊳∅ we have u ⊳ {u|F (u)} ∪ Neg.
Definition 4. Let X be a metric space and let T be a positively closed sublocale of loc(X) defined by a set F . Then T is called located if there is a set Neg such that (F, Neg) is a locating pair.
5 This notation is potentially confusing, here u is a constant, not a variable. Alternatively, we could have used the longer variant {u ′ |u ′ = u and Pos(u)}.
6 Consider a binary positivity relation Pos on an inductively generated formal cover. The subcover induced on the formal closed captured by F is that what we defined after substituting F with Pos(F, −); see also [Sam03] . We would like to thank M.Maietti for explaining this relation to us. Proof. We need to show that u ⊳ ′ V iff u ⊳ V ∪ Neg. We write u + := {u| Pos(u)}. Suppose that u ⊳ V ∪ Neg. Then u ⊳ ′ V ∪ Neg and thus u ⊳ ′ (V ∪ Neg) + ⊂ V . For the converse it is sufficient to show that the two base cases are satisfied since ⊳ ′ is the least covering related satisfying those cases. If u ⊳ V , then u ⊳ V ∪ Neg. To prove the second base we assume that V = u + . By Proposition 4 u ⊳ u + ∪ Neg and the proof is complete. A partial converse of this corollary can be found in Corollary 2. According to Vickers [Vic05] no general relation between closed and positively closed was known before. Proof. Suppose thatỸ is compact. Let u < v be given. Then loc(X) ⊳ {v} ∪ {w|w ∧ u = 0}. Since loc(X) is compact, v ∨ w i = 1, for some finitely enumerable set {w i }. SinceỸ is compact, it is covered by a finitely enumerable positive subset of {w i , v}. If this set contains v, then Pos Y (v). If it does not contain v, then Y ⊳ w i , i.e. Neg Y (u). We see thatỸ is located and thus so is Y . The converse follows for the previous Lemma. Alternatively, it follows from Corollary 1.
Corollary 2. Let X be a totally bounded metric space and Y a subset. ThenỸ
Proof. This follows from the previous theorem by observing that a closed sublocale of a compact locale is compact.
It follows for Theorem 2 that unlike a closed sublocale of a compact locale, a positively closed sublocale need not be compact.
Locatedness for compact regular locales
We will now extend the pointfree definition of locatedness to more general spaces. The present form was inspired by Martin-Löf's definition of locatedness for the closed subsets of the real line [ML70] (p.54). In turn his definition originated from Brouwer [Bro19] . To define locatedness as above we need a notion of refinement for which there are several natural interpretations. However, we will choose to stick to the case of compact regular locales. Such spaces can be conveniently presented by normal distributive lattices [CC00] . exists u 1 , . .., u k in U such that y u 1 ∨ ... ∨ u k . We recall that in locale theory the well-inside relation and the way-below relation coincide for compact regular locales.
A space is called strongly normal when for all a, b there exist x, y such that a b ∨ x and b a ∨ y and x ∧ y = 0.
Lemma 11. Every strongly normal lattice is normal.
Many examples of normal lattices are actually strongly normal.
Definition 5. Let X be a compact regular locale, presented by a normal distributive lattice S. A pair of subsets (Pos, Neg) of S is called a locating pair when Pos is inhabited and
(
The definition of located closed and positively closed sublocales from a locating pair is as before.
The following two propositions directly generalize from the metric case. 5.1. Totally bounded metric spaces. As we observed before the definition of locatedness depends on the choice of the basis of the topology. However, for the localic completion of a totally bounded metric space this is not the case. We will first show that the localic completion of such a metric space is compact regular and can be represented by a normal distributive lattice.
Let (S, ⊳) be a formal topology. We define the complement of a ∈ S by a * := {b ∈ S|a ∧ b ⊳ ∅} and we write a ≺ b for 1 ⊳ a * ∪ {b} and say that a is way below b. A formal topology is regular when for all a ∈ S, a = {b ∈ S|b ≺ a}.
Lemma 12. Let X be a metric space, then loc(X) is regular.
Proof. It is enough to show that B r (x) < B s (y) implies that B r (x) ≺ B s (y). This holds because the space can be covered by balls that are small than s−r 2 . Vickers [Vic03b] proves that loc(X) is compact iff X is totally bounded. Another proof can be found in [Pal06] , it can be adapted to our context.
For the rest of this section X will be a totally bounded metric space. We will now prove that loc(X) can be presented by a normal distributive lattice. We first need a lemma. 
We now consider the distributive lattice of finite unions of finite intersections of balls. We prove that this lattice is normal. Let d i , e j be finite lists of finite intersections of balls. Write D = d i and E = e j . Suppose that D ∨ E = 1. Since each e j is covered by {c|c < e j } one has
By compactness there is a finitely enumerable set {c k } such that
We write C = c k . Then, by regularity, (D ∧ C * ) ∨ E = 1. Thus by compactness there is some finitely enumerable subset of {d i ∧ c ′ |c ′ ∧ C = 0} with supremum F such that F ∨ E = 1. Since F ∧ C = 0 and D ∨ C = 1 we have shown that the lattice is normal.
We see that we have two ways to present loc(X) as a formal topology: as a metric space and as a compact regular space. Fortunately, the notion of locatedness defined in these two ways coincides. This is a direct consequence of Theorem 3.
Corollary 3. Let X be a totally bounded metric space. A closed sublocale of loc(X) is metrically located iff it is overt iff it is located as a sublocale of the compact regular space loc(X).
Regular spaces
In this section we extend the ideas above to regular locales. Regular locales do not have a canonical presentation as a distributive lattice, but it is still possible to proceed along the lines of the previous section. Recall that regularity was defined on page 12. It is not known to us whether a definition of locatedness along the lines of Definition 5 is equivalent to the present definition.
Finally, let us come back to the example in Proposition 2. This example is not metrically located, but it is located as a regular locale presented with a the canonical base of finite lists of numbers. The sublocales of Baire space which are located in the latter way may be a nice generalization of spreads. Since Pos(u) iff ∃n ∈ AE.¬Neg(u * n) we see that Pos is a Σ Proof. Define Pos Y (u) := Pos(u ∧ Y ). We check that this is indeed a positivity predicate.
Mon: 
Vietoris
Let X be a compact regular locale presented by a normal distributive lattice L. We show that the points of its Vietoris locale are precisely its compact overt sublocales.
Define the distributive lattice V (L) with generators ⋄u, u for u ∈ L and relations:
(1) ⋄u ∨ ⋄v = ⋄(u ∨ v) (2) u ∧ v = (u ∧ v); (3) u ∧ ⋄v ⋄(u ∧ v) (4) (u ∨ v) u ∨ ⋄v; (5) ⋄0 = 0 (6) 1 = 1. The lattice V (L) is normal [CC00] and defines the Vietoris locale which is compact regular. Intuitively, K ∈ ⋄u may be interpreted as Pos K (u) and K ∈ u may be interpreted as K ⊂ u.
Let K be a point in the Vietoris locale. It is clearly compact. It is also overt: Pos := {u|K ∈ ⋄u} and Neg := u|u = v<u v and v ∧ w = 0 and K ∈ w .
Conversely:
Lemma 16. A compact overt sublocale is a point of the Vietoris locale Proof. Let K be compact and overt. We claim that it is a model of the theory. We define the point by the following opens {⋄u| Pos(u)} ∪ { u|u ∨ Neg = X}.
To prove (u ∨ v) u ∨ ⋄v, we assume that (u ∨ v). Then u ∨ v ∨ Neg = X. So u ∨ v ′ ∨ Neg = X, for some v ′ < v. So either v ′ ∈ Neg or v ∈ Pos -that is, u or ⋄v.
To prove u ∧ ⋄v ⋄(u ∧ v) we assume that u ∧ ⋄v. Then u ∨ Neg = X and Pos(v). Since v ⊳ (u ∨ Neg) ∧ v we see that Pos(u ∧ v). This result is not new, Vickers [Vic97] proves, impredicatively, that for a stably locally compact locale, the points of its Vietoris locale are the weakly semi-fitted sublocales with compact overt domain. A sublocale is weakly semi-fitted if it is the meet of a weakly closed sublocale with a fitted sublocale. In a compact regular locale, every compact sublocale is closed and thus weakly closed. It is also fitted, i.e. the meet of the open sublocales containing it.
Our proof is elementary. We have the interesting situation that the theories for the Vietoris locale and the theory for located sets are intuitionistically biinterpretable. However, the former is geometric, but the latter theory is not.
Conclusion
We have generalized locatedness from metric spaces to general compact regular formal spaces and shown a closed sublocale is located iff it is overt. Thus proving that a closed subset is Bishop compact iff its localic completion is compact overt.
For Baire space metric locatedness corresponds to having a decidable positivity predicate. Thus an overt closed sublocale of Baire space is a generalization of Brouwer's spread-law. The possibility to extend paths in a spread-law -that is, the spread-law being overt -is a crucial ingredient in the theory of spreads. It would be interesting to see to what extent it is possible to remove the decidability hypothesis from the theory of spreads.
The three types of locales we have studied above (locales defined from a metric spaces, compact regular locales and regular locales) allow a somewhat more uniform treatment by abstracting some of the properties of the relations <. However, we believe that the presentation is clearer as it is.
Finally, one may wonder whether our logical treatment of points of the Vietoris locale can be extended to the upper and lower powerlocales.
